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<J ! 1 BBe^eHne 

Kax H3BecTHo, oflHHM H3 BajKHefluiHx yTBep>K^;eHHH b Teopiin Mepti h aGcTpaKTHoro HHTerpajia 
JleGera BemecTBeHHo- h KOMnjieKCH03HaHHbix (pyHKUHft aBjiaeTca TeopeMa PaapHa- 

HnKo^HMa ([T] - [12] )• Ilpn nocTpoeHHH TeopHH HHTerpajia BoxHepa fljia BeKTopH03HaHHbix 

(pyHKHHH, npHHHMaiOmHX 3HaHeHHH B 6aHaXOBOM npOCTpaHCTBe, OKa3BIBaeTCH, HTO 

aHajiorHHHaa TeopeMa ocTaeTCH cnpaBe^jiHBoii jihhib npn HeKOToptix ^onojiHHTejiBHBix 
npe^;nojio>KeHH5ix. OariaKo H3Jio>KeHHe stoh TeopeMbi b BeKTopH03HaHHOM cjiynae b 
H3BecTHBix HCTOHHHKax jih6o oTcyTCTByeT ([T] [6j), jih6o H3jiaraeTC5i b nacTHOM cjiynae 
h c hctohhocthmh ( |T3] , jTJ]; cm. KoMMeHTapHH b KOHire paGoTbi), jih6o ^aeTCH B CTOJIb 
o6iireH (popMe co cneiHicpHHecKOH aBTopcKoii TepMHHOjiorHeii ([7] hto 3aTpynH5ieT 

a^eKBaTHoe BocnpHHTHe yTBep>Kjj;eHHH b o6m;enpHHHTbrx TepMHHax h o6o3HaHeHHHx. B to 
»ce BpeMa fljia BaacHBix cjiynaeB 3apa^,oB co 3HaHeHHHMH b rHjib6epTOBOM npocTpaHCTBe 
hjih b npocTpaHCTBe orpaHHHeHHBix jiHHeflHBix onepaTopoB, ^eHCTByioiinix b cenapaGejibHbix 
rnjibGepTOBBix npocTpaHCTBax, ii;oKa3aTejibCTBO TeopeMbi Pa^oHa-HiiKO^HMa mojkct 6biTb 
^ ! npoBe/i;eHo b npo3paHHOH h ecTecTBeHHofi (popMe. H3Jio:>KeHHio sthx flOKa3aTejit>CTB h 
nocBHiireHa HacTOHirraa pa6oTa. Ee noHBjieHHe cB23aHo Tax>Ke c paGoToft |14| . r^e 3th 
yTBep>K^eHH3 6bijih ccpopMyjinpoBaHbi h npiiMeHeHbi b HacTHoii (popMe. Ho npn btom b |14| 
6bijin /xpnymeHbi HexoTopbie hctohhocth, KOTopbie mm HcnpaBjineM b ^aHHoii pa6oTe. Bojiee 
no^po6Ho 06 3tom cKa3aHo b KoMMeHTapim. 

Abtopbi hhkohm o6pa30M He npeTeH/ryioT Ha opHrHHajibHocTb npe^jiaraeMbix ,n,oKa3aTejibCTB, 
KOTopbie Hcnojib3yioT Hflen ^aHcpop^a h LleTTHca npn ji;oKa3aTejibCTBe BeKTopHoro BapnaHTa 
TeopeMbi Pa^oHa-HnKo^HMa cjiynaa GaHaxoBbix npocTpaHCTB c orpaHnneHHo nojiHbiM 
6a3HcoM HIayn,epa hjih hbjijhouihxcji cenapaGejibHbiMH npocTpaHCTBaMH, conpHJKeHHbiMH 
k flpyrHM GaHaxoBbiM npocTpaHCTBaM (no^,po6Hoe H3jio:aceHHe h HCTopHiecKHe CBe^eHHH 
mojkho HafiTH, HanpHMep, b [10J). B to ace BpeMH, paccMaTpHBaa onepaTopHbifl BapnaHT 
TeopeMbi PaaoHa-HHKOiTHMa h yHHTbiBaa Hecenapa6ejibHocTb npocTpaHCTBa orpaHHneHHbix 
jiHHefiHbix onepaTopoB, aeftcTByioiixHx b GecKOHeiHOMepHbix cenapa6ejibHbix rnjib6epTOBbix 
npocTpaHCTBax, aBTopbi ciHTaioT Heo6xo^,nMbiM aKii^eHTiipoBaTb BHHMaHiie HHTaTejia Ha 
cynjecTBeHHocTH Tpe6oBaHHH cenapa6ejibHocTH MHoacecTBa 3HaieHHH 3apa,n;a h Ha paajiHHHax, 

B03HHKaiOIIIHX npH paCCMOTpeHHH paBHOMepHOH H CHJIbHOH OnepaTOpHblX TOnOJIOTHH (cm. 

3aMeHaHHe 3.3 k JleMMe 3.2, TeopeMy 3.5 h ee Cjie/rcTBHe 3.6). 
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Pa6oTa HMeeT cBoeft n,ejibio, npeac^e Bcero, npe^jio>KHTb KpaTHaftniHH nyTB ^jia 
nojiyneHHa 3Toro Ba>KHoro yTBepac^eHHa 6e3 o6pameHH5i k Gojiee oGmeft Teopnn, a TaK>Ke 
o6paTHTB BHHMaHHe cnen;HajiHCTOB, pa6oTaioirj;Hx c onepaTopHBiMH MepaMii b rHjiB6epTOBBix 
npocTpaHCTBax, Ha HeKOTopbie oco6eHHocTH TeopeMBi Pa^oHa-HiiKo^iiMa b stom cnynae. 

2 Ilpe^BapHTejibHbie CBe^eHH3 

B 3tom naparpacpe mbi npiiBo^HM Heo6xo^HMBie ^jih ^ajiBHefiinero cBe^eHHs 06 H3MepnMBix 
BeKTopHosHa^HBix cpyHKUHHx h HHTerpajie BoxHepa. Bojiee no^poGHyio HHcpopMairnio mojkho 
Hafi™, HanpHMep, b [1] - (TO] , [12J. 

LlycTB (X, A, fx) - npocTpaHCTBo c Mepofi, E - BemecTBeHHoe hjih KOMnjiexcHoe GaimxoBo 
npocTpaHCTBO, B = B(E) - cr-ajire6pa 6opejieBCKHX MHOJKecTB b E. OyHKUHH / : 
X — > E Ha3BmaeTC2 chjibho /i-H3MepHMoii, ecjin oHa (A, i3)-H3MepnMa h /i-cymecTBeHHo 
cenapaGejiBHosHaHHa. LIocjie^Hee osHanaeT, hto cymecTByeT Taxoe MHoxcecTBo A G A, hto 
fj>{A) = h f(X \ A) aBjiaeTCH cenapaGejiBHBiM noflMHoacecTBOM b E. OyHKUHs: / Ha3BiBaeTca 
npocToii, ecjin OHa {A, i3)-H3MepiiMa h npiiHHMaeT KOHeHHoe hhcjio 3HaHemiii. 

0TM6THM, HTO H3 (A, i3)-H3MepilMOCTH (pyHKITHH / : X —¥ E CJie^yeT ^4-H3MepiIMOCTB 

(pyHKn;Hii x — > \\f(x)\\. ,H,eiicTBHTejiBHO, (pyHKUiia h : x — > \\x\\ HBjiaeTcs HenpepBiBHBiM 
oTo6pa>KeHHeM 113 E b M, a, 3HaHHT, h S-H3MepHMoii. LlcoTOMy, cynepnosimiis: (h o f)(x) = 
\\f{x)\\ HBjiaeTca ^4-ii3MepiiMoii (pymojueii. 

JleMMa 2.1. Ilycmb (X,A) - u3MepuMoe npocmpaHcmeo u E - 6anaxoeo npocmpaHcmeo. 
Tosda 3ar (A, B)-u3MepuM0cmu aiynnyuu f : X — >■ E neo6xoduMO u docmamoHHO, %mo6u 
3ar ak>6ou nenpepuenou aiynnyuu g : E — >■ K cyncpno3uvxi5i go / ^ua A - u3MepuMou. 

^OKa3aTejn>CTBO. Heo6xo^HMocTB ycjioBHa jieMMBi sBjiaeTca oHeBHflHoft. A? 151 A°- 

Ka3aTejIBCTBa ^OCTaTOHHOCTH paCCMOTpHM npOH3BOJIBHOe OTKpBITOe MHOJKeCTBO U C E,U 7^ E. 

/locTaTOHHo noKa3aTB, hto f^iU) G A. PaccMOTpHM (pyHKi^Hio gu{y) = dist(y , E\U) , y G 
OneBH^HO, g : E R- HenpepBiBHoe OTo6pa>KeHHe, ripn stom £/ = {y G i? : gu{y) > 0}. Tax 
Kax 

/ - 1 ([/) = {xGX:(go/)(x)>0}, 

to /-^C/) G A 

TeopeMa 2.2. Ilycmb (X,A,fi) - npocmpaHcmeo c Mepou, E - 6anaxoeo npocmpancmeo. 
Tosda 

(a) MHoafcecmeo (A, B) u3MepuMux aiyuKyuu U3 X e E 3aMKnymo omHocume/ibHO 
nomoHCHHou cxoduMocmu; 

(6) MHOotcecmeo cuavho [i-uaMepuMUX aiyHKyuu U3 X e E 3aMKnymo omnocumeJibHO 
nomoneuHou cxoduMocmu. 

^OKasaTejibCTBO. OneBH^Ho, yTBepac^eHne (6) Henocpe^cTBeHHo cjie^yeT 113 (a). 
^Jifl ^OKa3aTejiBCTBa yTBepac^eHna (a) paccMOTpHM nocjie^oBaTejiBHocTB {f n {x)} (A,B)- 
H3MepnMBix (pyHKU,Hfl h npe^no jiojkhm , hto ^Ji3 KaJK^oro x & X cyiu;ecTByeT lim f n (x). 

n— >oo 

LIoKajKeM, hto cpyHKn;H5i f(x) = lim f n (x), HBjiaeTcs (^4, i3)-H3MepHMoii. ,H,eHCTBHTejiBHo, 
ecjin g : E — >• M- HenpepBiBHaa (pyHKi^ns ,to 

lim g(f n (x)) = g(f(x)), x £ X. 
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Tenepb flOKa3MBaeMoe yTBep>K^;eHHe cjie^yeT 113 JleMMbi 2.1. 
Ba>KHyio pojib npu BBe^eHHH HHTerpajia BoxHepa nrpaeT 



TeopeMa 2.3. Tlycmu (X,A,fj) - npocmpaHcmeo c Mepou, E - 6anaxoeo npocmpancmeo. 
0yHKii l UH f : X E cuauho fi- u3MepuMa modda u moAUKO mosda, nosda ona (A,B)- 
U3MepuMa u aejiaemcsi npu fi-noumu ecex x G X npedejiOM nocAedoeamenuHocmu npocmux 
(fiyuKyuu f n : X — >■ E, n G N. ITpu amoM nocjiedoeamejiunocmu {/„} mochcho eu6pamt> 
man, Hmo6u npu aw6om n G N npu /i-nonmu ecex x G X eunojmsuiocb Hepaeencmeo 

\\fn{x)\\ < \\f{x)\\. 

,HoKa3aTejii>CTBO. OneBH^Ho b ,noKa3aTejibCTBe HyacflaercH tojibko Heo6xo^HMocTb 
ycjiOBHii TeopeMbi. He HapyinaH o6ihhocth, mojkho npe^nojioacHTb, hto f(X) HBjuieTCH 
cenapaGejiBHbiM h co^epjKHT HeHyjieBoii sjieMeHT H3 E. OGosHaniiM nepe3 K He 6ojiee neM 
cneTHoe no^MHoacecTBo b f(X) Taxoe, hto /(X) C K. IlycTb Q - MHoacecTBo panHOHajibHbix 

HHCejI H 

K Q := { gfc : fc G AT, g G Q }. 
Tax Kax Kq - cieTHoe MHoacecTBo, npe^cTaBHM ero b BH^e Kq = {y n : n G N}, npn stom 

MOJKHO CHHTaTb, HTO t/i = 0. IloKaJKeM, HTO flJIfl KaHCHOrO y H3 f(X) H IipOH3BOJIbHOrO £ > 

cymecTByeT sjieMeHT y m G i^Q TaKoii, hto cnpaBen,jiHBbi cooTHonieHHH 

\\vm\\ < \\y\\, \\vm - y\\ < £■ (2.1) 

He Hapyniaa oGuxhocth, mohcho cHHTaTb, hto y ^ h < e < ||?/||. Bbi6epeM £1 Tax, htoGm 
BbinojiHHjiHCb ycjiOBHH < Si < 2~ 1 s h ||?/||~ 1 £i G Q. nojio>KHM a :— 1 — ||y|| _1 £i. Torna 

a G Q, < a < 1, ||y|| - £1 = a||y||, \\y - ay\\ = e x . 

H3 oiipe^ejieHHH MHccKecTBa K cjienyeT, hto cyrnecTByeT sjieMeHT k & K, TaKoft, hto 

\\y - k\\ < ei. 

Ecjih 1 1 k 1 1 < || y ||, to b KanecTBe sjieMerrra y m B03BMeM k, b npoTHBHOM cjiynae nojioJKHM 
y m := ak. /JeiicTBHTejibHO, Tor^a HMeeM 

\\y m \\ = \\<xk\\ = \\(ay - ak) - ay\\ < a\\y - k\\ + a\\y\\ 

< aei + a||y|| = ae 1 + \\y\\ - Si = \\y\\ - (1 - a)e l < \\y\\, 

Iipil 9TOM 

\\Vm ~ V\\ = \\ ak ~ y\\ = \\{olH - ay) + {ay - y)\\ 

< a\\k — y\\ + \\y — ay|| < ae\ + E\ < 2e± < e. 

TaKHM o6pa30M, ycjioBHH (2.1) BbiiiojiHHioTca. 

Tenepb nepeii^eM k nocTpoeHHio nocjie^oBaTejibHocTH {f n }^=i- ^yHKi^HH /„ 6y^eM HcxaTb 

B BH^e 

n 

fn(x) := Y^V3XB ntj {x), xeX, (2.2) 

3=1 



3 



r^e {B nJ }™ =1 C A, B nyi n B nJ = (i ^ j), |J"=i 5 nj = X. Bbi6paB £ M := X, to ecTB 
onpeflejiHB f\{x) := 0,x E X, ^ajiBHenmne nocTpoeHHH 6yneM npoBO/XHTb no HH,iry kithh . Ecjih 
(pyHKirHH /„(#) BH^a (2.2) y»ce nocTpoeHa, to nojioJKHM 

S n+1 , n+1 := {x E X : ||y n+1 - /(x)|| < ||/ B (x) - /(x)|| } f| { x E X : || yn+1 || < ||/(x)|| }, 

n+l 

Sn+ij := S nJ \5 n+ i in+ i (j = 1,2, ...,n), / n+ i(x) := X! WW.^)' ieX 

5ICHO, HTO {£ n +lj}"=l C .A, B n+lji n Bn+ij = (i ^ j), Uj=l 5 n+lJ = X. Cjie^OBaTejIBHO, 

Kaac^aH H3 (pyHKirnn /„ HBjineTCH npocToii h no nocTpoeHHio ynoBjieTBopneT HepaBeHCTBy 
ll/nC^)!! < 11/(^)11 n P H Bcex x E X. M.3 nocTpoeHna Taxace bh^ho, hto npn Bcex n E N n Bcex 
x E X. BBinojiHHeTca HepaBeHCTBo 

\\f n+1 (x)-f(x)\\<\\f n (x)-f(x)\\, 

a H3 oneHOK (2.1) cjie/xyeT, hto npn Bcex x E X HMeeT MecTo paBeHCTBo 

inf \\f n (x)-f(x)\\=0. 

neN 

TaKHM o6pa30M, f(x) = lim f n (x) npn Bcex x E X, n TeopeMa ,noKa3aHa. 

OyHKi^HH / : X — >■ -E Ha3BraaeTCH /i-HHTerpnpyeMOH no BoxHepy, ecjin OHa chjibho 
yU-H3MepnMa n (pyHKUHH ||/(^)|| HBjiHeTCH /i-HHTerpHpyeMon no JIe6ery. CeMeiicTBO fi- 
HHTerpnpyeMBix no BoxHepy i?-3HanHBix (pyHKirnn o6o3HanaiOT C l {X, A, fx, E). Ltpn 
E — W (E — C) 3to ceMencTBO HBjiaeTCH ceMencTBOM /i-HHTerpnpyeMBix no JleGery 
(pyHKirnn, o6o3HanaeMBiM oGbihho ^(X, A, fx) (£ 1 (X, A, fx, C)). HHTerpaji ot Taxnx (pyHKHiiii 
onpe^ejineTcn cjie,nyioriiHM o6pa30M. L[pe^;nojio>KHM BHanajie, hto (pyHKHiin /(#) HBjineTcn 
npocToii: n /i-HHTerpnpyeMOH. IlycTB {aj}™ =1 - MHoacecTBo HeHyjieBBix 3HaneHHH cpyHKnnn f(x), 
npn 3tom aj 7^ a*,, ecjin j ^ k. IlycTB ^ajiee Aj - MHoacecTBo, Ha kotopom f(x) npnHHMaeT 
3HaneHne aj, j = 1,2,..., n. Tor^a H3 H3MepnMocTn f(x) cjie/xyeT H3MepnMocTb Kaac^oro Aj, a 
H3 /i-HHTerpnpyeMocTH f(x) cjie^yeT, hto Kaacfloe Aj HMeeT KOHenHyio Mepy. TaKHM o6pa30M, 
BBipaaceHHe X^=i a jl J '(^j) HMeeT cmbicji, h b stom cjiynae HHTerpaji BoxHepa onpe^ejunoT 

paBeHCTBOM 



/ 



f(x)dfx(x) l = J fdfij \=Y^ajfx{Aj). 



X \ x 

Jlerxo bh^tb, hto Tor^a 

(a) || f f(x)dfx(x) || < Y?j=i IMIMA/) = $\\f(x)\\dn(x)\ 

X X 

(6) Ha MHOJKecTBe npocTBix /i-H3MepnMBix (pyHKHHH HHTerpaji BoxHepa HBjiHeTcn 

jiHHeflHBiM onepaTopoM. 
J\n5i npoH3BOJiBHon cpyHKi^HH / G C l (X , A, fx, E) HHTerpaji BoxHepa onpejj;eji5ieTC5i 
nocpe,n;cTBOM npe/j;ejibHoro nepexo^a 

/ fdfi := lim / f n dfx, (2.3) 
J n ^°° J 
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r fl e {fn} npOH3BOJIbHaH nOCJieflOBaTejIfeHOCTb npOCTblX (pyHKHHH H3 C}{X, A, fJ,, E), 

yflOBjieTBopjnomaa ycjioBHHM TeopeMBi 2.3. Ife oh<3hkh 

f n (x)dfi(x) - J f m (x)dfi(x)\\ < J \\f„(x) - f m (x)\\dfj,(x) 

XX X 

H COOTHOHieHHH 

ll/»(a:)-/ m (x)|| < \\fn(x)\\ + \\f m (x)\\ <2\\f(x)\l 
lim ||/„(x)-/ m (x)|| = \\f(x)-f(x))\\=0, 

n,m—> oo 

KOTopBie BBinojiHHioTCH npn /z-noHTH Bcex x G X, Hcnojib3yH TeopeMy JIe6era o 
npe^ejiBHOM nepexo^e c cyMMiipyeMoii Ma:scopaHTOH, nojrynaeM, hto npe^eji b npaBoft nacTH 
(2.3) cymecTByeT. AHajiorHHHo ^0Ka3BiBaeTCH, hto stot npe^eji He 3aBHCHT ot BBi6opa 
nocjie^oBaTejiBHoc™ {/„}. 

Chjibho //-H3MepHMaa (pyHKHHH / : X — >■ E Ha3BiBaeTCH //-nHTerpupyeMoii b cMBicjie 
BoxHepa no MHoacecTBy A <E A, ecjiH / • xa £ J^iXjA, (A, E), r#e \a ~ xapaKTepHCTHHecKan 
cpyHKHHH MHoxcecTBa A h HHTerpaji BoxHepa cpyHKHHH / no A onpeflejiaeTca cpopMyjioii 

J fdfi:= J f ■ XAdfi. 

A X 

HeTpy^Ho BH^eTB, hto ceMeiicTBo C l {X, A, /i, E) hbjihctch jiHHeftHBiM npocTpaHCTBOM, 
a HHTerpaji BoxHepa o6jia,naeT Ha stom ceMeftcTBe cbohctbom jiHHeiiHOCTH, npn stom ,zijih 
cpyHKHHH H3 C X (X, A, fJ>, E) cnpaBe/iJiHBa oH,eHKa 

fdn\\< J \\f(x)\\d^x). (2.4) 
x 

TaKHM o6pa30M, ceMeiicTBo £}{X, A, fj,, E) HBjineTCH jihhchhbim npocTpaHCTBOM c 

nojiyHopMofi || = J \\f(x)\\dfx(x). IIpoBo^H o6biHHBie b TeopHH Mepbi paccyjK^eHHH, 

x 

nojiynaeM, hto CTaH^apTHan npouenypa OTOJKflecTBjiemiH jU-noHTH Bcio/iy coBna,n,aioiHHX 
(pyHKHHH npHBo^HT k 6aHaxoBOMy npocTpaHCTBy, o6o3HanaeMOMy ^(X, A, /it, E). IIpH stom 
HHTerpaji BoxHepa CTaHOBHTCH jiHHeftHBiM onepaTopoM, ,n,eHCTByioriiHM H3 L l (X, A, fi, E) b 
E h hbjihioihhmch c>KaTHeM ( cm. (2.4)). npoBonn paccyacflemui, aHajiorHHHBie TeM, HTO 
6bijih npoBeneHBi BBirne npn o6ocHOBaHHH KoppeKTHOCTH onpenejieHHH HHTerpajia BoxHepa 
nojiyHaeM,HTo jj,jih i?-3HaHHBix (pyHKHHH cnpaBefljiHB aHajior TeopeMbi JleGera o npejj;ejiBHOM 
nepexone c cyMMHpyeMoii MancopaHTOH. 

TeopeMa 2.4. IJycmb g G C}{X, A, n) - n-nonmu ecmdy HeompuyameAbHaH cfiyHKyun u 
nycmt, {f n } - nocAedoeameAbHocmt, cuakho fx-u3MepuMux EsnaHHUx dhymzv^uu na X , 3ah 
Komopux npu /i-noHmu ecex x G X eunoAHHtomcH coomHOwenun: 

\\f n {x)\\ <g(x), neN, 

lim f n (x) = f(x). 

n— >oo 

sde f - CUAbHO [JL-U3MepUMatt (fiyHKl^Uti. 

Tosda {f,f 1 ,f 2 ,...}cC\X,A,^E) u 



I 



f(x)dfi(x) = lim / f n (x)dfi(x). 

rt— >oo J 



X X 
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IlycTb / G C X {X, A, /i, E) h ip G E* (E* - npocTpaHCTBO, conpHJKeHHoe k E). Tor^a b 
cooTBeTCTBHH c (2.3) nojiynaeM 

= lim 95 / f n (x)dfi(x) = lim / (<p o f n )(x)dfi(x). 

n— >oo \ J J n— >oo J 

\X / X 

Tax KaK /i-noHTH Bcio^y 

lim (/„(&)) = (/(a:)), 

n— >oo 

I </? (/n(^))| < || V || II /nfa) || < || V II \\f{x) ||, 

TO 

<P ( J f(x)dfi(x) J = Um y*(^ o f n )(x)dn(x) = J (<p o f)(x)dfi(x). 
\x ) X X 

Oco6oe 3HaneHne HMeeT cjiynan, xor^a E = T$(H,G) - 6aimxoBo npocTpaHCTBO 
orpaHiiieHHBix jinHeftHBix onepaTopoB, ,neHCTByioirj;HX H3 o^Horo rnjiBGepTOBa npocTpaHCTBa H 
b ^pyroe rnjiBGepTOBo npocTpaHCTBO G (ecjm H = G, to bmccto B(if, H) ynoTpe6jiaioT chmboji 
B(i/). Onpe^ejieHHBiii BBirne HHTerpaji Ha3BiBaioT b stom cjiynae paBHOMepHBiM HHTerpajioM 
BoxHepa, iiMea b BH^y paBHOMepHyio Tonojiornio b B(i/, (7), nopo>K^;aeMyio onepaTopHoii 

HopMofi, h o6o3HaHaK>T (u) f fdfj,. OyHKmra H3 C x {X, A, fJ,, B(iJ, G)) Ha3BiBaioT paBHOMepHo 

x 

HHTerpnpyeMBiMH no BoxHepy. BiviecTe c TeM, HcnojiB3y2 cnjiBHyio Tonojiornio b B(i7, G), 
nopojK^aeMyio noTonenHOH cxo^hmoctbio onepaTopoB, mojkho BBecTH Gojiee o6rnee noHsrue 
HHTerpajia. 

OyHKirnio / : X — > B(iJ, G) Ha3BiBaioT chjibho HHTerpnpyeMoft no BoxHepy, ecjin npn Bcex 
h G H BBinojiHHeTCH f(x)h G C X (X, A, fJ,, G). CeMeftcTBo Taxnx (pyHKirnii o6pa3yeT jinHeiiHoe 
MHoroo6pa3ne, co^epjKamee b ce6e £ X (X, A, /x, B(i7, G)). 

TeopeMa 2.5. I7ycmt> f : X — > B(H, G) - cuauho uHmespupyeMa.fi no Boxnepy gjyuKi^uH. 
Tozda (fiopMyAa 

Th := J(f(x)h)dfi(x), heH, (2.5) 

x 

onpede/isiem oepanuHeHHUu AuneuHuu onepamop T G B(H,G). 

,H,OKa3aTejiBCTBO. 5Icho, hto paBeHCTBOM (2.5) onpe^ejiaeTCJi jinHenHBin onepaTop T, 
onpe^ejieHHBin Ha BceM npocTpaHCTBe H n ^encTByiomnn b npocTpaHCTBO G. PaccMOTpnM 
BcnoMoraTejiBHoe OTo6pa:sceHHe W H3 npocTpaHCTBa H b ^(X, A, fi, G), nojioacnB 

Wh := f(x)h, heH. 

OneBH^Ho, oTo6pa>KeHHe W HBjisieTcsi jinHeftHBiM. ^jia ,noKa3aTejiBCTBa ero 3aMKHyTocTH 
npeflnojiOJKHM, hto npn n — > oo : h n — > h n Wh n — > g . LIocjie^Hee 03HanaeT, hto 
f(x)h n g(x) no Hopivie npocTpaHCTBa L 1 (X, ^4, /i, G) , to ecTB 



lim / || f{x)h n - g(x)\\ dfi(x) = 0. 

n— too J 
X 
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Ho Tor^a cymecTByeT no/xnocjie/ipBaTejiBHocTB {h Hk }^L 1 nocjie^oBaTejibHocra {h n }^ =l Taxaa, 
hto f(x)h nk —> g(x) yu-noHTH Bcio^y Ha X. OTcro^a cjie/xyeT, hto f(x)h = g(x) //-non™ 
Bcio^y Ha X, to ecTb Wh = g . TaKHM o6pa30M, onepaTop W HBjineTCH 3aMKHyTBiM, a, 

3HaHHT, H OrpaHHHeHHBIM. 

SaMeTHM, hto T = SW, r/re S : L l (X, A, /i, G) — > G - OTo6pa>K6HHe , nopoac^aeMoe 
HHTerpajioM BoxHepa. Tax kbk S hbjih6tc5i cacaTneM, to T- orpaHHHeHHbiii jiHHeiiHBiH 
onepaTop, h TeopeMa flOKa3aHa. 

Onpe^ejiHeMBifl nocjie/XHen TeopeMofi onepaTop Ha3BiBaeTCH chjibhbim HHTerpajioM 

BoxHepa, KOTopbiii o6o3HanaioT (s) J fdfi. 

x 

IlycTb (X, A) - H3MepHMoe npocrpaHCTBO, E - 6aHaxoBO npocTpaHCTBO. OyHKHHH v : A — > 
E Ha3BiBaeTCH £"-3HaHHbiM 3apa^oM Ha (X, A) , ecjin ,n;jia jno6oro jxHST-ioHKTHoro ceMencTBa 
{A n }^ =1 C A 

IjAi) =X>(40- ( 2 -6) 

\n=l / n=l 

B cjiynae E — C (E — R) roBopsr o KOMnjiexcHOM (kohchhom BernecTBemioM) 3apH,ne. B 
KanecTBe E mojkho 6paTB h pacninpeHHoe mhojkcctbo BernecTBeHHBix nnceji R, paspeniaa v 
npHHHMaTB caMoe GojiBHiee ojxho H3 flByx HecoGcTBeHHBix 3HaneHHH — oo hjih +oo. 

Ecjih E = B(i7, G) r/j;e H h G - rnjibGepTOBBi npocTpaHCTBa, to 3apa,n v 6yneM Ha3BiBaTB 
paBHOMepHBiM, ecjin cxojxhmoctb piina f)2.6p paccMaTpHBaeTCH no onepaTopHofl HopMe, h 

CHJIBHBIM, eCJIH CXO/XHMOCTB OnepaTOpHOTO pHJi;a B ( 12. 6 P CHJIBHaH. 

BapHaniieH 3apnji;a v : A — > E Ha3BiBaeTCH (pyHKiniH \u\ : A — > [0,+oo], onpe^ejiHeMaa 
cpopMyjioft 

m 

\v\(A) :=sup^|KA0H, Ae A, 

n=l 

rjj,e cynpeMyM 6epeTCH no BceM kohchhbim pa36neHH5iM A Ha jxH3 r bioHKTHBie noflMHoxcecTBa 
{A n }™ =1 C A. BapHainiH \v\ 3aps#a v HBjiHeTCH HaHMeHBHiefl nojiojKHTejiBHOH Mepoii Ha A, 
Maacopnpyiomeii (pyHKiniio A G A. 

BcHKHH KOH6HHBIH BeilXeCTBeHHBIH 3apHfl (a, 3HaHHT, H KOMnjieKCHBIli) HMeeT KOHeHHyiO 

BapnanHio. OTcio^a cjie/xyeT, hto npn dimi? < oo Bapnanna \u\ 3apa^a v KOHenHa. O/XHaKo, b 
cjiynae 6ecKOH6HHOMepHoro 6aHaxoBa npocTpaHCTBa E mojkct oxasaTBCH, hto M(XT) = +oo. 
Ecjih E = B(if, G) r^e H n G - 6aHaxoBBi npocTpaHCTBa, to ccpopMyjnrpoBaHHoe BBinie 
onpeflejieHHe BapnaHiin npnMeHHMO KaK k paBHOMepHBiM, Tax h k chjibhbim B(if, G)-3HaHHBiM 

3apHflaM. ripH 3TOM CHJIBHBIH 3apH^ C KOHeHHOH BapHaiBieH HBJIHeTCH paBHOMepHBiM. 

i?-3HaHHBiH 3apajj; v : A — > E Ha3BiBaeTCH aGcojnoTHo HenpepBiBHBiM othochtcjibho MepBi 
H : A. — > [0,+oo], ecjin jo;jih jno6oro A G A H3 fj,(A) = BBiTexaeT v(A) = 0. BajKHenniHM 
npnMepoM a6cojnoHO HenpepBiBHoro i?-3HaHHoro 3apHji;a (othochtcjibho MepBi fi) jibjihctch 
HHTerpaji BoxHepa 

u{A) := J f(x)d^x), Ae A, (2.7) 
A 

r^e / G ^(X, A, fx, E). Mhojkcctbo 3HaHeHnfi Taxoro 3apa^,a cenapaGejiBHo. Ltpn stom 
b cjiynae E — R hjih E — C 3apafl v HMeeT KOHenHyio BapHan;Hio, KOTopaa BBipaacaeTca 
HHTerpajioM JIe6era 



/ 



u\(A)= / \f(x)\d(i(x), A eA. (2.8) 
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J\jih cxajiapHbix 3apa^i;oB HMeeT MecTo cjie^ryrouias: 

TeopeMa 2.6. (CnajifipHuu eapuanm meopeMU Padona-HuKoduMa, [2], ) Ilycmb v : A — > 
R(C) - 3apfid, adcoAwmno Henpepuenuu orrmocumejibHO a-KoneHHou Mepu fi : A — > [0,+oo]. 
Tozda cyii^ecmeyem eduncmeeHHafi ( c moHHOcmbto do paeencmea [i-nonmu ectody ) cfiyHKyusi 
f e C l {X, A, fi) (/ e C l {X, A, /i, C) ) manasi, nmo 



v{A) = J f(x)dfj,(x), AeA. 



OyHKijua / H3 TeopeMti 2.6 Ha3t.iBaeTCH npoH3Bo^HOH Pa^oHa-HiiKo^HMa 3apa^a v no Mepe 
fx, hjih njioTHocTtio 3apH,n;a v oTHociiT6Jit>Ho Mepti /i, h o6o3HanaeTCH jjr. 

B o6meM cnynae fljia: .E-3HaHHBix 3apa^;oB b ccpopMyjinpoBaHHOM BH^e yTBepjKflemie 
TeopeMBi 2.6 HeBepHo. Tax, HanpiiMep, oho He HMeeT MecTa ^;a>Ke fljia: cjiynas KOHenHoft MepBi 
// h cenapa6ejiBHoro rHjiB6epTOBoro npocTpaHCTBa E. IIpHBe^eHHBiH HH>Ke npHMep nojiyneH 
HecymecTBeHHoft Mo^ncpHKanHeH Ha cjiynafl rHjiB6epTOBoro npocTpaHCTBa aHajiornnHoro 
npHMepa b [T] (Appendix E, Exercise 7). 

IIpHMep. IlycTB A-Mepa JleGera Ha [0,1], A - a- ajire6pa H3MepHMBix no JleGery 
no^MHOJKecTB OTpe3Ka X = [0,1], E — L 2 [0, 1] h 3aps,n; v : A — > E 3a^aH cpopMyjioft v(A) = 
Xa, A e A, rpp xa - xapaKTepHCTHnecKaa cpyHKHHH MHoacecTBa A. CneTHaa a^mnTHBHocTb 
3apn^a v npoBepaeTca Henocpe^cTBeHHo. A6cojnoTHaH HenpepBiBHocTB v oTHocHTejiBHo A 
BBiTexaeT H3 paBeHCTBa 



i 



1/2 



K^)ll = / x 2 A (x)d\(x) = y/MAj, AeA. 



.0 



OTcio^a jierxo cjie^yeT, hto M(^0 = +oo. C ^pyrofi ctopohbi, ecjin 6bi cymecTBOBajia Taxaa 
(pyHKn,HH / e C l {X, A, fx, E), hto BBinojiHHjiocB 6bi (l2.7|) . to H3 onpe^ejieHHH BapnanHH 3apH^a 
cjie,n;oBajia 6bi ou,eHKa 

W\(X)< [ \\f(x)\\dx < +oo, 



X 



hto npHBejio 6bi k npoTHBopennio. 

Kax mbi yBH^HM ^ajiee, ^onojiHHTejiBHoe Tpe6oBaHHe kohchhocth BapHairnn 3apa^,a ^aeT 
bo3mo>khoctb pacupocTpaHHTB TeopeMy Pa^oHa-HnKO^HMa Ha cnynaH BeKTopH03HanHBix 
3apH,n;oB. 



3 BeKTopHbifi h onepaTopHbifi BapnaHTbi TeopeMbi Pa^cma- 

HHKOflHMa 

CHanajia ^oKaxceM aHajiorn npe^cTaBjieHHH (12. 8p fljia BapnairHH 3apH,noB, 3a,naHHbix 
HHTerpajiaMH BoxHepa. 

JleMMa 3.1. ([Z2|) IJycmb (X,A,/jl) - npocmpancmeo c a -kohchhou uepou, E - suAb6epmoeo 
npocmpaHcmeo u f e £ X (X, A, fi, E). Tosda 3apsid 

u(A) := J f(x)dn(x), AeA, 

A 
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UMeem KOHeunym eapuayuw, u 



\u\(A) = J ||/(x)||d/i(ar), AeA. (3.1) 



A 

^OKasaTejifcCTBO. He Hapyinaa o6ih;hocth, mojkho cHHTaTb, hto E cenapaGejibHo. B 
npoTHBHOM cjiynae, 3aM6HHB (pyHKHHio / Ha coBna^aiomyio c Heft /x-noHTH Bcio^y cpyHKHHio 
fi e C X (X, A, fi, E) c cenapa6ejibHbiM mhcokgctbom 3HaHeHHft, mojkho cy3HTb E pp 3aMbiKaHHH 

JIHH6HHOH 060JIOHKH 3TOrO MHOJKeCTBa. 

II3 HepaB6HCTBa 

IK^)II < J \\f{z)\\dn(x), AeA, 
A 

BbiTexaeT ou,eHKa 

W\(A)< [ \\f(x)\\dfi{x), AeA. (3.2) 



A 



OTcipua cjie^yeT kohchhoctb BapnauHH \v\ h ee a6cojnoTHaa HenpepbiBHocTb othochtcjibho 

Mepbi fi. CorjiacHo TeopeMe 2.6 cymecTByeT HeoTpHijaTejibHas: cpymajHa p(x) e C X {X, A, fi) 
Taxaa, hto 

\u\(A) = J p{x)dfx{x), AeA. (3.3) 

A 

H3 ( 13.21) h ( 13.3D cjie^yeT, hto pjis /i-noHTH Bcex s G X 

p(x) < \\f(x)\\. (3.4) 
C flpyroft cTopoHBi, npn jiio6om e e E pus cKajiapHoro 3apa^;a 

rj e (A) :=< v{A), e >= J < f(x), e > dp,(x), AeA, 

A 

nojiynaeM 

\rj e (A)\ < ||K^)lll|e|| < IH(^)||e|| = J (p(x)\\e\\)dfi(x), AeA. (3.5) 

A 

CjieflOBaTejibHo, npn Bcex e e E H3 (I2.8P h 13. 5p BbiTexaeT 

<f(x),e>\dfi(x) = \r] e \{A)<\u\(A)\\e\\= I {p{x)\\e\\)dfi{x), AeA. (3.6) 



Bbi6paB cneTHoe Barony njioTHoe b E no^MHcxacecTBo Ex, H3 (13. 6p nojiynaeM, hto cymecTByeT 
Aq e A Taxoe, hto h(Aq) = h npn jhoGom x e X \ Aq h jhoGom e e E\ BbinojiHaeTca 
HepaBeHCTBO 

I < f(x),e > I < p(a:)||e||. 

riepexo^a b stom HepaBeHCTBe k npe^ejiy npn e — > f(x), e e E\, nojiynaeM, hto fljia x e X\A§ 
(T.e. /i-noHTH Bcio^y Ha X) 

||/(x)||<p(x). (3.7) 

Hs O, O h (E2D BbiTexaeT (I3TTD . 
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JleMMa 3.2. ITycmb (X,A,fx) - npocmpaHcmeo c a-KoneuHou Mepou, H u G - zuAbBepmoeu 
npocmpaHcmea, npuneM H cenapa6eAbno u f : X — )■ B(H, G) - cuavho uwmedpupyeMaH no 
Boxnepy (fiyuKyusi. JJasi moso nmo6u cuakhuu 3apnd 

u(A) := 0) / f(x)dfx(x), Ae A, 



A 



UMe/i KoneHHym eapuayum, neo6xoduMo u docmamoHHO, umo6u G C X {X, A, fx). Upu 

3m,0M 

\u\(A) = [ \\f(x)\\dfi(x), Ae A. (3.8) 



.4 



^OKasaTejitCTBO. IIpe>Kfle Bcero noKaxceM, hto H3 f(x)h G C l {X, A, fx, G) npn Bcex 
h G H BbiTexaeT H3MepnMocTB (pyHKUHii ||/(z)||. /I,eHCTBHTejibHo, BbiGpaB cieTHoe njioraoe 
Ha eflHHHHHoii ccpepe b H no^MHOJKecTBo S = {h n \n G N}, nojiynaeM npn Bcex i6l 

||/(x)||= sup \\f(x)h n \l (3.9) 

n 

OTKy,n;a cjie^yeT H3MepnMocTb ||/(a;)||. 

IlycTb Bapnau,H3 3apa^a v KOHenim. Tor^a b cnjiy ero aGcojnoTHofi HenpepbiBHoc™ 
OTHocHTejibHo Mepbi fx no TeopeMe 2.6 nojiynaeM npe^cTaBjieHHe BH^a (13. 3p . r^e p(x) G 
C l (X, A, fx) - HeoTpimaTejiBHasi (pyHKnna. Tor^a npn jiioGom h G H ,n,jia G-3HanHoro 3apa^a 



\ h {A) := v{A)h = J (f(x)h)dfx(x), Ae A, 



BBinOJIHHeTCH 



\\X h (A)\\ < |K^)IIIHI < = J {p{x)\\h\\)dfx{x), Ae A. (3.10) 

A 

Cjie^oBaTejiBHo, Bapnanna 3ap5ma KOHenHa. H3 (I3.10P b cnjiy JleMMbi 3.1 BbiTeKaeT 

\\f(x)h\\dfx{x) = \X h \(A) < W\(A)\\h\\ = [ (p(x)\\h\\)dfx{x), Ae A. (3.11) 



H3 A3. 11 j) cjie^yeT, hto cymecTByeT Aq G A Taxoe, hto ix(Aq) = h npn jiioGom x e X \Aq r 
npn jiioGom h n e S BbinojiHHeTCH oneHKa 

\\f(x)h n \\ <p(x)\\h n \\=p(x), (3.12) 

Tax KaK \\h n \\ = 1. H3 ( 13. 9ft n (13. 12f) BbiTexaeT, hto npn ^i-nonTH Bcex x G X 

||/(a0|| <p(*), (3.13) 

h, cjie^oBaTejibHo, G £ 1 (X, ^4, yu). 

06paTHO, nycTb ||/(x)|| G >C 1 (X, A, fx). Tor^a H3 chjibhoh HHTerpnpyeMOCTH no BoxHepy 
cpyHKnnn / npn jiio6om h G H nojiynaeM 

HA)h\\ < J \\f{x)h\\dfx{x)< J(\\f(x)\\\\h\\)dfx(x), Ae A. 

A A 
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OTcio^a BMTeKaeT oueHKa 



11^)11 < J \\m\\dfi(x), AeA. 

A 

Cjie,n;oBaTejibHo, BapnaHiia: 3apH^a v KOHenHa. H3 kohchhocth BapnauHH \v\ nee a6cojiioTHoii 
HenpepBiBHocTH cjie^yeT npe^cTaBjieHHe f 1 3 . 3 p . TenepB, k&k h paHee, nojiynaeM HepaBeHCTBa 
(13. 4p h f )3.13p . H3 KOTopBix BBiTexaeT (13. 8p . 

3aMenaHHe 3.3. OmMemuM, umo npu eunoAHenuu ycAoeuu JleMMu 3.2 daotce e CAynae 
KOHeuHocmu eapuayuu 3apnda v cuAbnuu unmeepaA Boxnepa ne neAHemcR, eooBu^e zoeopsi, 
paenoMepnuM, xomn ccim 3apnd v paenoMepen. 

,H,eHCTBHTejiBHO, nycTB, HanpiiMep, X = [0,1], A - cr-ajire6pa H3MepHMBix no JIe6ery 
no^MHOJKecTB oTpe3Ka [0,1], A - Mepa JIe6era Ha [0,1], H = G = L 2 (X,A,X). PaccMOTpiiM 
/ : X — > B(.£f), rflfi f(x), x G [0,1], - opTonpoeKTop b H, 3a^aBaeMbifi yMHOJKeHHeM 
Ha xapaKTepncTHHecKyio cpyHKHHio X[o,x] oTpe3Ka [0,x\. OyHKinis /, ohcbh^ho, chjibho 
HHTerpnpyeMa no BoxHepy, n b cnjiy ||/(x)|| = 1 (0 < x < 1) cooTBeTCTByroinnn 3apafl v HMeeT 
KOHenHyio Bapnau;Hio. BMecTe c TeM cpyHKnna / He HBjiaeTca jii-cymecTBeHHo cenapaGejiBHofi 
b B(if), Tax KaK npn Xi G X (i = 1, 2) n x\ 7^ X2 HMeeM — /(x2)|| = 1. Bojiee Toro, 

/ He aBjiaeTCH (A., i3)-H3MepHMon, r^e B - <7-ajire6pa 6opejieBCKnx MHoacecTB b GaHaxoBOM 
npocTpaHCTBe B(iJ). B caMOM ^ejie, H3 ^hckpcthocth Tonojiornn, HH^yinipoBaHHOH Ha f(X), 

H HHteKTHBHOCTH (pyHKHHH / BBITeKaeT, HTO BCe nO^MHOJKeCTBa MHOJKeCTBa [0, 1] 3BJI2IOTC3 
IipOo6pa3aMH HeKOTOpBIX OTKpBITBIX MHOJKeCTB H3 B. 

TeopeMa 3.4. (BenmopHuu eapuanm meopeMU Padona-HuKoduMa.) Ilycmb (X,A,fi) 
npocmpaHcmeo c a-KOHennou Mepou, E - suAb6epmoeo npocmpancmeo uv: A — ^ E - 3apsid, 
ydoeAemeopsimmxLU ycAoeuHM: 

(a) MHoafcecmeo 3Ha,HeHuu 3apnda v cenapa6eAt>Ho; 

(6) 3apfid v a6coAK)mno nenpepueen omHocumejibHo Mepu fi; 

(e) eapuayufi 3apnda v KOHenna. 

Tozda cymecmeyem eduHcmeeHHan (c moHHOcmbw do paeencmea n-nonmu ectody) djyHKvxiR 
f G £}{X, A, fi, E) manaH, umo 

v(A) = J f(x)d/j,(x), AeA. 
A 

^OKa3aTejn>CTBO. KaK n b JleMMe 3.1, He orpaHHHHBaa o6ihhocth, npocTpaHCTBo E 
mojkho cHHTaTB cenapa6ejiBHBiM. BBi6epeM b E KaKOH-HH6yn;B opTOHopMHpoBaHHBifi 6a3Hc 
{efe}fcLi- Tor^a 

00 

v{A) = J2< v ( A )' e k > e*, Ae A. (3.14) 

n=l 

CxajiiipHBie 3apa^Bi r)k(A) :=< is(A),ek >, A G A, k G N, ynpBjieTBopmoT HepaBeHCTBy 
|^fe(4.)| < ||i/(v4)||. Cjie^oBaTejibHo, rjik hx Bapnai^HH \r]}~\ bbihojihhiotch oi^eHKH 

\ Vk \(A) < \u\(A), AeA, keN. 
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TaKHM o6pa30M, 3apa^L»i rfk, fceN, a6cojirc>THo HenpepbiBHti oTHocHTejibHo fx. Ho TeopeMe 2.6 
npn fc£N cymecTByioT q k £ >C 1 (X, A, fx) Taxaa, hto 

77*. (A) = y q k (x)dfx(x), A £ A. 

A 

OneBH^Ho, hto npn jiio6om m G N (pyHKHiia: 

m 

/ m (x) := ^g fc (x)e fc (3.15) 
fc=i 

npHHa^;jie>KHT C l (X,A, fx,E). Otmcthm, hto .E-3HaHHBie 3apa^Bi 

m 

= ^ < e fc > e fc , A G A, m £ N, 
fc=i 

b cHjiy jiHHeflHocTH HHrerpajia BoxHepa ^onycKaioT npe^cTaBjieHHe 

u m (A) = [ f m (x)dfx(x), A £ A, m G N. (3.16) 



H3 (I3.14p bh^ho, hto npn jhoGbix A £ A H m G N 3apa^ i/ m ynoBjieTBopaeT HepaBeHCTBy 

||^m(^4)|| < 11^(^)11; a ) 3HaHHT, H HepaBeHCTBy 

\v m \(A) <\v\(A), A£A,m£N. (3.17) 
H3 (I3.16P corjiacHo JleMMe 3.1 nojiynaeM, hto 

\v m \(A) = J \\f m {x)\\dn{x), A £ A, m G N. (3.18) 
A 

KpoMe toto, no TeopeMe 2.6 cymecTByeT HeoTpHH,aTejibHaa (pyHKirna p £ £}{X, A, fx) Taxaa, 

\u\(A) = J p(x)dfx(x), A £ A. (3.19) 

A 

H3 ( 13. 1 TP - ( I3.19P BBiTexaeT, hto npn jiio6om m £ N fljis /j-noHTH Bcex a; G X BbinojiHaeTca 
HepaBeHCTBO 

\\fm{x)\\ <p(x). (3.20) 
OTciofla h H3 (I3.15P cjie^yeT, hto fljia fx-nomn Bcex x £ X 



HTO 



J2\i^)\ 2 <p 2 (x). 



k=l 



CjieflOBaTejibHO, fljia /i-noHTH Bcex 2; G X cxo^htch pH,n X^fcLi %{ x ) e ki TO gctb npn /z-noHTH 
Bcex x £ X onpe^ejieHa cpyHKHHJi f(x) := lim f m (x). IIojiaraH f(x) := Ha HCKjnoHHTejiBHOM 
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MHOJKecTBe, nojiynaeM, mo b cnjiy TeopeMbi 2.2 (pyHKirtis: / chjibho /z-HHTerpupyeMa. OTcio^a, 
yHHTtmaa ( 13 . 16j) h (I3.20p . no TeopeMe 2.4 rrojiynaeM, hto f e ^(X, A, fi, E) h 

u(A) = J f(x)d/j,(x), AeA. 
'a 

Ecjih f(x) e C l {X, A, /i, £") - flpyraa (pymariia Taxaa, hto 

u(A) = J f(x)d/j,(x), AeA, 
'a 

to J (f(x) — f(x))dn(x) = 0, A e A. HaKOHen;, corjiacHo JleMMe 3.1 HMeeM 

A 

J \\f(x)-f(x)\\dv{x) = 0, AeA, 
'a 

h, 3HaHHT, f(x) = f(x) npii /i-noHTH Bcex x e X. 

TeopeMa 3.5. (Onepamopnuu eapuanm meopeMU PadoHa-HunoduMa.) Ilycmb {X,A,jj) - 
npocmpaHcmeo c a-KoneuHou Mepou, H u G - euAt>6epmo6u npocmpaHcmea, npuneM H 
cenapa6eAbHo, u v : A ^ E>(H, G) - paeHOMepnuu 3apnd, ydoeAemeopsnou^uu ycjioeufiM: 

(a) npu ak>6om h e H GsnaHHUu 3apnd \h{A) := v(A)h, AeA, uMeem cenapa6eAbHoe 
MHOMcecmeo 3HaneHuu; 

(6) 3apsid v adcoAwrrmo nenpepueen orrmocumeAbHO Mepu fi; 

(e) eapuayufi 3apnda v KOHenna. 

Tosda cymecmeyem eduHcmeewHafi (c moHHOcmbw do paeencmea fi-nonmu ectody) cuAbno 
unmezpupyeMasi no Boxnepy (ftyuKyusi f : X — > B(H, G) manaH, umo 



u(A) = (s) J f(x)dfi(x), AeA. (3.21) 



-4 



,HoKa3aTejiB.CTBO. Hpn jik»6om h e H 3apH,n yzjoBjieTBopaeT HepaBeHCTBy ||A/,(-A)|| < 
|| v{A) || || AeA. OTcio^a ^jia BapnaiiHH imeeM on;eHKy 

\\ h \{A)<\v\{A)\\h\\, AeA, heH. (3.22) 

TaKHM o6pa30M, Bee 3apa^bi Xh, h e H aGcojiioTHo HenpepbiBHti othochtcjibho /i h HMeioT 
KOHeHHyio Bapnau,Hio . IIo TeopeMe 3.4 irpn jiio6om heH cymecTByeT e^HHCTBeHHaa (c 
tohhoctmo flo paBeHCTBa /i-noHTH Bciofly) (pyHKi^nsi f h e C l (X, A, n, G) Taxaa, hto 

u(A)h = X h (A) = [ f h (x)dn(x), AeA. (3.23) 



IIoKajKeM, hto (pyHKi^Hio fh{x), heH, mojkho Bbi6paTb Tax, hto6bi ripn Ka>KflOM x e X 

3aBHCHMOCTb OT h 6bIJia JIHHeHHOH, TO eCTb, HTo6bI BbinOJIHHJIOCb paBeHCTBO 

f h {x) = f{x)h, heH,xeX, (3.24) 
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r,n,e / : X — > B(.ff, G). Tor^a H3 ( I3.23p . (I3.24p . TeopeMBi 2.5 h onpe^ejieHna \h 6yn;eT BBiTexaTB 

Mbi 6yn;eM cHHTaTB rHjib6epTOBo npocTpaHCTBo H 6ecKOHeHHOMepHBiM, He ocTaHaBjiHBaacB 
Ha npocTOM cjiynae npocTpaHCTBa KOHeHHoft pa3MepHOCTH. BBi6epeM npoH3BOjiBHBiH 

OpTOHOpMHpOBaHHBIH 6a3HC {/lfc}fcLl B H. PaCCMOTpHM JIHHeiiHyiO o6ojioHKy Hi BeKTOpOB 

{/ifcjfc^i nojieM Q b cjiynae BemecTBeHHBix H h G hjth na,j\ nojieM Q + iQ b cjiynae 
KOMnjiexcHBix H h G. 5Icho, hto Hi - cneTHoe Bcio^y njioTHoe no^MHoacecTBo b H. 3a^a^HM 
npn Ka>K^oM x e X onepaTop f(x) cHanajia Ha BeKTopax 6a3Hca {hk}^Li, nojioxcHB f(x)h k : = 
fh k (x), k e N. Tor^a fljia jiio6oro k e N HMeeM f(x)h k e C l {X, A, /i, G) h b cnjiy f ]3.23[) 
nojiynaeM paBeHCTBo 

u(A)h k = / (f(x)h k )dfi{x), AeA. 



A 



JX&jiee npn KajK^oM x e X onpe,n;ejiHM onepaTop f(x) Ha jho6om h = Y^k=i a kh k £ Hi, 
nojio>KHB f(x)h := Y^k=i a kf{%)h k . TeM caMbiM npn Bcex h e Hi cpyHKHHH f{x)h e 
C l {X, A, ^,G), h npn 3tom ^ji5i jno6oro AeA cnpaBe,n;jiHBBi paBeHCTBa 

u(A)h = ^a k v(A)h k = y^g k (f(x)h k )) = / (^2 / a k f{x)h k )dp,{x) = / (f(x)h)d/j,(x). 

j 1 j i J i 1 



k — 1 k — 1 a a k — 1 



(3.25) 

H3 ycjioBHii (6), (e) h TeopeMBi 2.6 nojiynaeM, hto cymecTByeT HeoTpHHaTejiBHasi cpyHKHHa: 
p(x) e C X {X,A,^) Taxaa, hto 

\u\(A) = J p{x)dfx{x), AeA. (3.26) 

A 

lis (I3T22D . (ET23]) . (I3T25|) . (13~26|) h JIcmmbi 3.1 BBiTexaeT, hto npn Bcex h e Hi 



\\f(x)h\\dfi(x) < j (p(x)\\h\\)d^x), AeA, 

A A 

OTKyna npn Ka>K^;oM h e Hi fljm /i-uohtr Bcex x e X cnpaBe^jiHBo HepaBeHCTBo 

\\f(x)h\\<p(x)\\h\\. (3.27) 

B cnjiy cneTHocTH Hi cymecTByeT Taxoe Aq e A, hto /i(Aq) = h npn stom npn jho6bix 
x e X\A h h e Hi HMeeT Meero oneHKa ( I3.27p . to ecTB jiHHeHHBiii onepaTop f(x) orpamiHeH 
Ha Hi (pcax onepaTop ^eftcTByioiiiHH H3 Hi b G Hafl nojieM Q hjth Q + iQ cooTBeTCTBeHHo). 
3to no3BOJi5ieT npn x e X \ Aq npo^ojixcHTB no HenpepBiBHocTH onepaTop f(x) Ha H (kbk 
onepaTop ^eHCTByronniH H3 H b G Hafl nojieM R hjih C cooTBeTCTBeHHo) . A hmchho, ecjin 
h e H h {k n }'^Li C Hi Taxaa, hto h = lim k n , to npn Bcex x e X \ Aq nojioacHM 

n— too 

f(x)h:= \im(f(x)k n ). (3.28) 

n— >oo 

OneBH^HO, Taxoe npo^ojiaceHHe KoppeKTHO. TaKHM o6pa30M, npn x e X\Aq onepaTop f(x) e 
B(i7, G) h y^oBjieTBopaeT ycjioBHio 

\\f(x)h\\<p(x)\\h\\, heH (3.29) 
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IIpH x G Aq nepeonpe^ejiHM f(x) Ha BeKTopax h G Hi, nojioacHB f(x)h = 0, h npo^ojiJKHM 
f(x) HyjieM Ha Bee H. TeM caMBiM npn jho6om x G X onepaTop f(x) G B(if, G), npn stom 
paBeHCTBO (I3.28P h oueHKa (I3.29P BBinojiHaioTca: npn Bcex x G X. OTCio^a, yiHTBiBasi, hto 
f(x)k n G >C 1 (X, A, /i, G) h nocjie^oBaTejiBHocTB orpamineHa, corumcHo TeopeMaM 2.2 h 2.4 
nojiynaeM, hto npn jho6om h G H cpyHKHiis f{x)h G jC 1 ^, A, n, G) h cnpaBe^jiHBo paBeHCTBO 

v(A)h = J(f(x)h)dfx(x), AeA, 

A 

to ecTB BBinojiHHeTCH paBeHCTBO ( I3.23P npn fh{x) := f(x)h. 

,H,OKa3aTejiBCTBO e^HHCTBeHHOCTH / npoBO^HTca Tax yae, k&k h b TeopeMe 3.4, npn btom 

BMeCTO JleMMBI 3.1 Heo6xO^HMO BOCnOJIB30BaTBCJI JleMMOH 3.2. 

Cjie^CTBHe 3.6. Ecau e TeopeMe 3.5 3apsid v eMecmo ycAoeufi (a) ydoeAemeopjiem 6oAee 
cuAbHOMy mpeBoeaHUW. 

(d) v UMeem cenapa6eAbHoe MHOotcecmeo 3HaneHUU, 

mo (pyHKunfi f(x) neAfiemcfi paenoMepno unmeepupyeMou no Boxnepy u unmeepaA (\3.21\) 
HeAHemcH paenoMepnuM. 

^OKasaTejitCTBO. B stom cjiynae bmccto 6aHaxoBa npocTpaHCTBa B(if, G) mojkho 
paccMOTpeTB ero HaHMeHBinee 3aMKHyToe no^npocTpaHCTBo F, co^epxcamee mhoxccctbo 
3HaneHHH 3apa^a v. Oho, ohcbh^ho, HBjiaeTca cenapaGejiBHBiM GaHaxoBBiM npocTpaHCTBOM. 

IlpoBepHM (A, S)-H3MepHMocTB oTo6pa>KeHH5i /, rRe B - cr-ajire6pa 6opejieBCKHx MHoacecTB 
b F. 3Toro b cHjiy cenapaGejiBHocTH F ^ocTaTOHHo npoBepHTB, hto npn jho6om r > 

h jiio6om T G F BBinojiHHeTca {x G X : \\f(x) — T\\ < r} G A. IIocjie^Hee BBiTexaeT H3 
paBeHCTBa 

{x G X : ||/(x) - T\\ < r} = p|{x G X : \\f(x)h - Th\\ < r}, 

hes 

r^e S - cneTHoe Bciofly njioTHoe MHoacecTBo Ha eflHHHHHOH ccpepe b H , h chjibhoh H3MepHMocTH 

G-3HaHHBIX CpyHKHHH f(x)fl npH KaJK^OM h G H. 

KoMMeHTapHfi . B pa6oTe [H] nacTHBiii cjiynaii TeopeMBi 3.4 (popMyjinpyeTCH fljis 
6opejieBCKoro 3apa,n;a Ha e^HHHHHOH oKpy>KHocTH T, ho npn btom (TeopeMa 3.2, cTp. Ill) 
OTcyTCTByeT ycjioBHe (b) TeopeMBi 3.4 ,a,aHHOH pa6oTBi. AHajiorHHHaa hctohhoctb HMejia MecTo 
h c onepaTopH03HaHHBiMH MepaMH (JleMMa 3.3, CTp.114), r^e, KpoMe Toro, oTcyTCTBOBajio 
ycjioBHe (a) TeopeMBi 3.5 ^aHHoii pa6oTBi. O^Haxo 3aMeTHM, hto Bee pe3yjiBTaTBi pa6oTBi 
|14| . npn ^0Ka3aTejiBCTBe kotopbix HcnojiB30BajiHCB cooTBeTCTBeHHo TeopeMa 3.2 (cTp. Ill) 
h JleMMa 3.3 (cTp. 114) ocTaiOTCH b cnjie, Tax k&k b sthx npHjioaceHHax BBirneynoMaHyToe 
ycjioBHe (b), a b onepaTopHOM cjiynae h ycjioBHe (a), BBinojiaioTca aBTOMaTHnecKH. 

06Hapy>KeHHBie aBTopaMH (yace nocjie ny GjiHKaHHH ) hctohhocth noGynruiH hx npoaHajin- 
3HpoBaTB jiHTepaTypy no ^aHHBiM BonpocaM. ripn btom, xax yxce oTMeneHo bo BBe^eHHH, He 
tojibko He y^ajiocB HaflTH npneMjieMoe H3Jio:aceHHe paccMOTpeHHBix b flaHHoft cTaTBe BapnaHTOB 
TeopeMBi Pa^oHa-HnKo^HMa, ho h Gbijih oGHapyaceHBi em;e HexoTopBie norpeniHocTH b 
cpopMyjinpoBKax, nepeflaiOD^Heca ot o^hhx aBTopoB k ^pyrnM. Tax, HanpHMep, b MOHorpatpHH 
p~3] TeopeMa 1.2 (cTp.325) ccpopMyjinpoBaHa b 6ojiee o6m;eii cpopMe, neM TeopeMa 3.5 ^aHHofi 
pa6oTBi. B 3toh TeopeMe (npn HcnojiB3yeMBix HaMH o6o3HaHeHHax) X = K, A - cr-ajire6pa 
6opejreBCKHx MHoacecTB Ha R, H - cenapa6ejiBHoe GaHaxoBo npocTpaHCTBo, G - conpa>KeHHoe 
npocTpaHCTBo aHTHjiHHeliHBix HenpepBiBHBix <pyHKii;HOHajioB Ha HeKOTopoM cenapa6ejiBHOM 
6aHaxoBOM npocTpaHCTBe, \i - Bapnaii;H5i cjia6o cr-a^mHTHBHoro onepaTopH03HaHHoro 3ap5ifla 
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v : A — > B(f/, G), KOTopaa jioKajiBHO orpaHHueHa. IlpH stom OTcyTCTByeT ycjiOBHe (d) 
(cm. Cjie^cTBHe 3.6 jj;aHHOH pa6oTBi), ho yTBepjK^aeTca, hto cjiaGbm HHrerpaji, kotopbim 
npe^cTaBjieH 3apa^ v Ha Mepe hbjihctch TaKJKe cxojxhihhmch no onepaTopHoft HopMe 
Ha MHOJKecTBax kohchhoh Mepti (t.c npe^cTaBHM Ha sthx MHoacecTBax paBHOMepHbiM 
HHTerpajioM BoxHepa). OTcyTCTBHe b TeopeMax 1.1 h 1.2 b [13] ^,0Ka3aTejibCTBa chjibhoh 

H3MepHMOCTH njIOTHOCTH \1/ : K — > B(i/, G) 3apa^a V He n03BOJI5ieT rOBOpHTB o cymecTBOBaHHH 

HHTerpajia J ^/(X)dfi(X) Ha MHoxcecTBax kohchhoh MepBi. O^Haxo, yTBepxc^eHHe TeopeMBi 1.1 

A 

b |13| BepHo b cHjiy cenapa6ejibHocTH MHOJKecTBa 3HaueHHH onepaTopHoft MepBi. 3to cjie/xyeT, 
HanpHMep, H3 CjieflCTBHH 3.6 ,n;aHHOH pa6oTBi. Hto yae KacaeTca yTBepjK^eHHH TeopeMBi 1.2 
b [13], to KOHTpnpHMepoM k HeMy MOJKeT cjiy>KHTB 3apsfl z/, paccMOTpeHHBili b 3aMenaHHH 
3.3 k JleMMe 3.2 jj;aHHOH pa6oTBi, ecjin bmccto X = [0,1] B3HTB X = R , a f(x), x G M, 
onpe^ejiHTB KaK onepaTop b H, 3a^aBaeMBifl yMHoaceHHeM Ha xapaKTepHCTHuecKyio cbyHKHHio 
X[-oo,cc] Jiyua [— oo,x]. 3tot 3apH,n npe^cTaBHM chjibhbim HHTerpajioM BoxHepa (a,3HauHT, 
h cjiaGbiM HHTerpajioM) Ha MHoxcecTBax KOHeuHoft MepBi, ho He npeixcTaBHM paBHOMepHbiM 
HHTerpajioM BoxHepa. 

B flajiBHeflrneM 3Ta TeopeMa, yace KaK TeopeMa BepesaHCKoro-PejiBcbaHj^a-KocTioHeHKo, 
HHTHpyeTCH h cpopMyjinpyeTCH c paBHOMepHbiM HHTerpajioM BoxHepa (cm., HanpHMep, [15], 
IIpe^;jio>KeHHe 2.15, CTp.19). 3to oGcTOSTejiBCTBO hbhjiocb jj;onojiHHTejiBHBiM mothbom 
HanncaHHH ^aHHofi paGoTBi. 

Abtopbi 6jiarojj;ap5iT B.M.Ka,n;eii;a, BHHMaTejiBHo npouHTaBHiero nepBOHanajiBHBin BapnaHT 
pa6oTbi h BBicKa3aBniero pajj; nojie3HBix 3aMenaHHH. 
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